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DUALITIES OF DIFFERENTIAL GEOMETRIC INVARIANTS ON
CUSPIDAL EDGES ON FLAT FRONTS IN THE HYPERBOLIC
SPACE AND THE DE SITTER SPACE
KENTARO SAJI AND KEISUKE TERAMOTO
Abstract. We compute the differential geometric invariants of cuspidal edges
on flat surfaces in hyperbolic 3-space and in de Sitter space. Several dualities
of invariants are pointed out.
1. Introduction
In [6], one Weierstrass type representation formula for flat surfaces in the hy-
perbolic 3-space H3 is obtained, and two representations are given in [21]. In [21],
a notion flat fronts for flat surfaces which admit certain singularities is defined
and the Weierstrass type representation formula is extended to the representation
formula for flat fronts. This formula represents flat fronts via two holomorphic
functions (called the Weierstrass data). In [20], criteria for cuspidal edges and
swallowtails are given in terms of the Weierstrass data, and it is shown that these
singularities are generic singularities of flat fronts in H3. For a flat fronts in H3,
it is known that its unit normal vector taking the value in the de Sitter 3-space
S31 (called the de Sitter Gauss map) is also a flat front in S
3
1 , and it is constructed
from the same data. It is known that the sets of singular points of these two flat
fronts coincide. Flat fronts are special cases of linear Weingarten fronts. In [22],
a global Weierstrass type representation of linear Weingarten fronts is given, and
global properties of them are studied and correspondence between dual surfaces of
them are given (see [22] for detail, see also [7, 17]).
One can regard that these two flat surfaces are in a dual relation. It is introduced
in [11], that a formulation considering this duality as a double Legendrian fibration
in contact geometry. See [13, 14] for studies of inear Weingarten surfaces from this
viewpoint. On the other hand, a front is a surface in a 3-space with well-defined unit
normal vector even on the set of singular points. Since there is a unit normal vector,
fronts can be studied from the differential geometric viewpoint. Many geometric
invariants of cuspidal edges and other singular points are introduced and geometric
properties of them are investigated. (see [2, 5, 9, 10, 15, 25–29, 33–35] for example).
Since flat fronts are determined by the Weierstrass data, it is natural to consider a
relation between the data and the invariants of singular points. This relation can
be regarded as geometric meanings of the data on singular points.
In this paper, we give explicit expressions for invariants of cuspidal edges in terms
of the Weierstrass data (α, β) (Theorem 3.4). We can observe several dualities of
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geometric invariants and singularities of cuspidal edges on flat fronts in H3 and
S31 . Using such expressions, we characterize the condition that the set of singular
points which consists of cuspidal edges is a line of curvature (Proposition 4.1).
Furthermore, we show a relation between lines of curvature and cone-like singular
points (Corollary 4.3). For geometric meanings of cone-like singularities of flat
fronts in H3, see [8, 20, 21].
2. Preliminaries
2.1. Fronts in H3 and S31 . Let R
4
1 be the Lorentz-Minkowski 4-space with the
inner product 〈 , 〉 = (−+++). Let
H3 = {x = (x0, x1, x2, x3) ∈ R41| 〈x, x〉 = −1, x0 > 0},
S31 = {x ∈ R41| 〈x, x〉 = 1}
be the hyperbolic and the de Sitter 3-spaces. Although dual relations of surfaces in
these two pseudo-spheres has been known (see [18, (2.3)],[19, (1.9)] for example),
we use the formulation in [11] to working on Legendrian dualities. Following [11],
we set ∆1 ⊂ H3 × S31 by
∆1 = {(x, y) ∈ H3 × S31 | 〈x, y〉 = 0},
and set pi1 : ∆1 → H3, pi2 : ∆1 → S31 by
pi1(x, y) = x, pi2(x, y) = y.
Moreover, we set two 1-forms
θ1 = −x0 dy0 +
3∑
i=1
xi dyi
∣∣∣
∆1
, θ2 = −y0 dx0 +
3∑
i=1
yi dxi
∣∣∣
∆1
Then θ−11 (0) and θ
−1
2 (0) determine the same tangent plane field over ∆1 which
is denoted by K. It is well-known that the pair (∆1,K) is a contact manifold
and pi1 and pi2 are Legendrian fibrations ([11, Theorem 2.2]). This formulation is
introduced for investigating surfaces in the lightcones. See [11] for other dualities
among pseudo-spheres. It should be remarked that dualities of hypersurfaces in
pseudo-spheres in the Lorentz-Minkowski space are also found independently (see
[3, 23, 24]).
Let (N, ds2) be a Riemannian or a semi-Riemannian 3-manifold. Let U ⊂ R2
be a domain. A map k : U → N is a frontal if there exists a map L : U → T1N
such that pi ◦ L = k and ds2(dk(X), L(p)) = 0, where pi : T1N → N is the unit
tangent bundle. The lift L is called an isotropic lift of k. A frontal k is a front if
an isotropic lift can be taken as an immersion. Since the unit tangent bundle of H3
can be identified with H3 × S31 , we can rewrite this setting by using ∆1. A map
L = (f, g) : U → ∆1 is isotropic if L∗θ1 = 0. A map f : U → H3 (respectively,
g : U → S31) is a frontal if there exists a map g : U → S31 (respectively, f : U → H3)
such that the pair (f, g) : U → ∆1 is isotropic. A frontal f : U → H3 (respectively,
g : U → S31) is a front if the map L = (f, g) can be taken as an immersion. If
(f, g) : U → ∆1 is isotropic, then we say that f and g are ∆1-dual each other, g is
a ∆1-dual of f , and f is a ∆1-dual of g.
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2.2. Matrix representation of H3 and S31 . Let Herm(2) be the set of 2 × 2
Hermitian matrices. We take elements e0, e1, e2, e3 ∈ Herm(2) as
e0 =
(
1 0
0 1
)
, e1 =
(
0 1
1 0
)
, e2 =
(
0 i
−i 0
)
, e3 =
(
1 0
0 −1
)
,
where i =
√−1. Then we have an identification ι : R4 → Herm(2)
ι(x) =
3∑
k=0
xkek =
(
x0 + x3 x1 + ix2
x1 − ix2 x0 − x3
)
,
where x = (x0, x1, x2, x3) with the metric
〈X,Y 〉 = −1
2
trace
(
X e2 Y e2
)
,
X, Y ∈ Herm(2). In particular,
〈X,X〉 = − detX (X ∈ Herm(2)).
By this identification, H3 and S31 are rewritten as
H3 = {X ∈ Herm(2) | detX = 1, traceX > 0} = {AA∗ |A ∈ SL(2,C)},
S31 = {X ∈ Herm(2) | detX = −1} = {Ae3A∗ |A ∈ SL(2,C)}.
Furthermore, the exterior product in TpH
3 and TpS
3
1 are rewritten as
X × Y = i
2
(Xp−1Y − Y p−1X)
for X,Y ∈ TpH3, or X,Y ∈ TpS31 .
2.3. Singularities of fronts and their differential geometric invariants. Let
(N, ds2) be a Riemannian or a semi-Riemannian 3-manifold. Let U ⊂ R2 be a
domain, and k : U → N a front. For p ∈ U , considering L(p) = (p, ν(p)) ∈ T 1pN ,
we consider the signed area density function
Ω(ku(u, v), kv(u, v), ν(u, v))
for a coordinate system (u, v), and ( )u = ∂/∂u, ( )v = ∂/∂v, where Ω is the volume
form. A function λ : U → R is called an identifier of singularity if it is a non-zero
functional multiplication of Ω(ku(u, v), kv(u, v), ν(u, v)). A singular point p of k is
called non-degenerate if dλ(p) 6= 0, where λ is an identifier of singularity.
Let p ∈ U be a non-degenerate singular point of a front k : U → N . Then by
the non-degeneracy of p, the set of singular points Σ(k) is a regular curve near p,
and hence we take a parameterization γ(t) (γ(0) = p) of it. We call γ a singular
curve. We set γˆ = k ◦ γ. One can show that there exists a vector field η on a
sufficient small neighborhood of p such that if p ∈ Σ(k), then ker dkp = 〈ηp〉 . We
call η the null vector field. The restriction of η on Σ(k) can be parameterized by
the parameter t of γ. We denote by η(t) the null vector field along γ.
Definition 2.1. Let R3 be the Euclidean 3-space and k : (R2, 0)→ (R3, 0) a C∞
map-germ. The map-germ k at 0 is a cuspidal edge (respectively, a swallowtail)
if is is A-equivalent to the map-germ (u, v) 7→ (u, v2, v3) (respectively, (u, v) 7→
(u, 4v3 + 2uv, 3v4 + uv2)) at the origin. Here, two map-germs g1, g2 : (R
2, 0) →
(R3, 0) are A-equivalent if there exist diffeomorphism-germs Ξs : (R2, 0)→ (R2, 0)
and Ξt : (R
3, 0)→ (R3, 0) satisfying g2 ◦ Ξs = Ξt ◦ g1.
4 K. SAJI AND K. TERAMOTO
If k : (R2, 0) → (R3, 0) is a cuspidal edge or a swallow, then it is a front
and 0 is a non-degenerate singular point. There are useful criteria for them. Let
k : U → R3 be a front and p ∈ U a non-degenerate singular point. Let γ(t) be a
parametrization (γ(0) = p) of the singular curve, and η(t) a null vector field. We set
δ(t) = det(γ′(t), η(t)). For a non-degenerate singular point p of k, the map-germ k
at p is cuspidal edge (respectively, swallowtail) if and only if δ(0) 6= 0 (respectively,
δ(0) = 0, δ′(0) = 0). See [20, Proposition 1.3].
Let M be H3 or S31 . Let f : U →M be a front and let f at p be a cuspidal edge,
and g a ∆1-dual of f . A pair of vector fields (ξ, η) is called adapted if ξ is tangent
to the singular set and η is a null vector field of f . By the criterion for cuspidal
edge, ηλ 6= 0 holds. Thus ξf and ∇ηηf are linearly independent, in particular,
ξf 6= 0 and ξf ×∇ηηf 6= 0 hold. We define
κs(t) = sgn(λη)
Ω(ξf, ∇ξ(ξf), g)
|ξf |3
∣∣∣∣∣
(u,v)=γ(t)
, κn(t) =
〈∇ξ(ξf), g〉
|ξf |2
∣∣∣∣∣
(u,v)=γ(t)
,
κt(t) =
Ω(ξf, ∇η(ηf), ∇ξ∇η(ηf))
|ξf ×∇η(ηf)|2
− Ω(ξf, ∇η(ηf), ∇ξ(ξf)) 〈ξf ,∇η(ηf)〉|ξf |2|ξf ×∇η(ηf)|2
∣∣∣∣∣
(u,v)=γ(t)
,
κc(t) =
|ξf |3/2Ω(ξf, ∇η(ηf), ∇η∇η(ηf))
|ξf ×∇η(ηf)|5/2
∣∣∣∣∣
(u,v)=γ(t)
,
(2.1)
where γ(t) is a parametrization of Σ(f), λ is an identifier of singularity, and Ω is
the volume form and under the identification TpR
4
1 = R
4
1, it can be calculated by
Ω(X,Y, Z) = 〈X × Y , Z〉 for X,Y, Z ∈ Tf(p)H3 or for X,Y, Z ∈ Tf(p)S31 . Here, ∇
is the metric connection defined for a vector ζ ∈ Tf(p)H3,
∇ζk = ζk + 〈ζk, f〉 f ∈ Tf(p)H3,
and for a vector ζ ∈ Tf(p)S31 ,
∇ζk = ζk − 〈ζk, g〉 g ∈ Tf(p)S31 .
The above functions κs, κn, κt and κc do not depend on the choices of the parame-
ters of Σ(f), Σ(g) nor on the choice of (ξ, η), and they are called singular curvature,
limiting normal curvature, cusp-directional torsion (cuspidal torsion) and cuspidal
curvature respectively. See [29] (for κs and κn), [26] (for κt) and [27] (for κc) for
detail.
3. Flat fronts in H3 and S31
Let U ⊂ C be a domain, and α, β : U → C \ {0} holomorphic functions. We
consider a solution A : U → SL(2,C) of the differential equation
(3.1) A′(z) = A(z)D(z)
(
D(z) =
(
0 α(z)
β(z) 0
))
, ′ =
d
dz
.
Then one can see that detA is a constant, we take a solution satisfying detA = 1.
We define maps f : U → H3 and g : U → S31 by
(3.2) f(z) = A(z)A∗(z), g(z) = A(z)e3A
∗(z).
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Then it is known that f is (zero intrinsic curvature) and g is spacelike flat on their
regular point sets [21, Proposition 2.5]. Furthermore, f and g are ∆1-dual each
other.
By a calculation, we have
(3.3) f ′ = ADA∗, fz = AD
∗A∗, g′ = ADe3A
∗, gz = Ae3D
∗A∗.
Thus by
f ′ × fz = i
2
λAe3A
∗, g′ × gz = − i
2
λAA∗,
the singular sets Σ(f) and Σ(g) are coincide, where λ is defined by
(3.4) λ = αα− ββ.
We see that λ is an identifier of singularity for each f and g. It is also known
that the set of singular points of flat front in the 3-sphere S3 and that of its dual
coincide. In [16], a characterization of the flat torus in S3 is obtained.
3.1. Criteria for singularities of f, g. We give conditions for cuspidal edges and
swallowtails appearing on the flat fronts in H3 and in S31 by the Weierstrass data
(α, β). The case of the flat fronts in H3, it is obtained in [20, Theorem 1.1], and the
case of the flat fronts in S31 , the similar conditions are obtained in [4, Proposition
6]. We shall state here conditions for cuspidal edges and swallowtails on flat fronts
in S31 in terms of the Weierstrass data (α, β).
Let f : U → H3 and g : U → S31 be flat fronts constructed by the pair (α, β)
of holomorphic functions as in (3.2). Let p be a non-degenerate singular point of
f or g, and γ(t) a parametrization of singular curve near p. The tangent vector
γ˙(t) = (d/dt)γ(t) to γ can be expressed by
(3.5) ξ(t) = −iλz(γ(t)) = −i(ααz − ββz)(γ(t))∂z + i(α′α− β′β)(γ(t))∂z
(see [20]) under the identification TpU with R
2 and C via the correspondence
ζ = a+ bi ∈ C ↔ (a, b) ∈ R2 ↔ a∂u + b∂v = ζ∂z + ζ∂z ,
where z = u+ iv. On the other hand, following [20, p322], one can take null vector
fields as follows:
Lemma 3.1. The vector field ηh gives a null vector field of f and ηg gives a null
vector field of g, where
(3.6) ηh =
i√
αβ
=
i√
αβ
∂z − i√
αβ
∂z, ηd =
1√
αβ
=
1√
αβ
∂z +
1√
αβ
∂z .
Proof. See [20, p322] for ηh. The directional derivative ηdg of g in the direction of
ηd can be calculated as
ηdg = A


0 − α√
αβ
+
β√
αβ
β√
αβ
− α√
αβ
0

A∗.
Since αα − ββ = 0 on Σ(g), it follows that ηdg = 0 on Σ(g). 
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We set
Ch = Re
(
iλ′√
αβ
)
=
Re
(
i
√
αβλz
)
|α|2
= − Im
(
λ′√
αβ
)
= Im
(
λz√
αβ
)
=
Im
(√
αβλz
)
|α|2 ,(3.7)
Cd = Re
(
λ′√
αβ
)
=
Re
(√
αβλz
)
|α|2
= Im
(
iλ′√
αβ
)
= Im
(
iλz√
αβ
)
=
Im
(
i
√
αβλz
)
|α|2 .(3.8)
Then we have the following proposition.
Proposition 3.2. (I)([20, Theorem 1.1]) Let f : U → H3 be a flat front constructed
by the data (α, β) as in (3.2). Let p be a non-degenerate singular point of f . Then
(1) f at p is a cuspidal edge if and only if Ch 6= 0 at p.
(2) f at p is a swallowtail if and only if Ch = 0 and
(3.9) Re
(
S(α) − S(β)
αβ
)
6= 0
at p, where S(α) is the Schwarzian derivative of the primitive function of
α with respect to z :
S(α) =
(
α′
α
)′
− 1
2
(
α′
α
)2
.
(II) Let g : U → S31 be a flat front constructed by the data (α, β) as in (3.2). Let p
be a non-degenerate singular point of g. Then
(1) g at p is a cuspidal edge if and only if Cd 6= 0 at p.
(2) g at p is a swallowtail if and only if Cd = 0 and (3.9) at p.
Proof. See [20, Theorem 1.1] for the proof of (I). Since
{z | (ηhf, ηdf) = (0, 0)} = {z | (ηhg, ηdg) = (0, 0)} = ∅,
and f and g are dual each other, f and g are fronts. By [20, Proposition 1.3], it
is enough to show that the condition (II), (1) in the proposition is equivalent to
δd(0) 6= 0, where δd(t) = det(ξ(t), ηd(t)). By
δd(t) = −i
(
λz√
αβ
+
λ′√
αβ
)
(γ(t)) = −2iRe
(
λz√
αβ
)
(γ(t))
=
−2iRe(√αβλz)(γ(t))
|α(γ(t))|2
(3.10)
and the relation αβ = |α|4/(αβ) holds along γ, the first assertion holds.
Next we show the second assertion of (II). We note that
λ′ = |α|2
(
α′
α
− β
′
β
)
on γ. Thus by (3.10), δd is proportional to
δ˜d = Re
(
1√
αβ
(
α′
α
− β
′
β
))
.
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We assume that δd(0) = 0, namely, δ˜d(0) = 0. Then since
d
dt
((
1√
αβ
(
α′
α
− β
′
β
))
(γ(t))
)
=
{((
α′
α
)′
−
(
β′
β
)′)
1√
αβ
− 1
2
(
α′
α
− β
′
β
)(
α′
α
+
β′
β
)
1√
αβ
}
γ˙
=
γ˙√
αβ
(S(α) − S(β)).
Thus we have
d
dt
(
δ˜d(γ(t))
)
=
1
2
(
γ˙√
αβ
(S(α)− S(β)) +
(
γ˙√
αβ
(S(α) − S(β))
))
.
Here it holds that
γ˙√
αβ
=
−i|α|2√
αβ
(
α′
α
− β
′
β
)
= i
|α|2
√
αβ
αβ
(
α′
α
− β
′
β
)
,
(
γ˙√
αβ
)
=
i|α|2√
αβ
(
α′
α
− β
′
β
)
at p = γ(0) because (3.5) and δ˜d(0) = 0. Hence we have
d
dt
δ˜d
∣∣∣∣
t=0
=
1
2
(
γ˙√
αβ
(S(α)− S(β)) +
(
γ˙√
αβ
(S(α)− S(β))
))
(p)
= i|α|2
√
αβ
(
α′
α
− β
′
β
)(
S(α) − S(β)
αβ
+
(
S(α)− S(β)
αβ
))
(p)
=
i|α|4√
αβ
(
α′
α
− β
′
β
)
Re
(
S(α) − S(β)
αβ
)
(p).
We note that (d/dt)δd
∣∣∣
t=0
6= 0 is equivalent to (d/dt)δ˜d
∣∣∣
t=0
6= 0 under the condition
δd(0) = 0. Thus by [20, Proposition 1.3] again, we have the conclusion. 
Remark 3.3. Assuming that u(z) is a solution of the differential equation
(3.11) u′′(z)− α(z)u(z) = 0,
satisfying detA = 1, where A = (u(z), u′(z)). then the matrix A satisfies (3.1).
This equation (3.11) is called the SL-form of the hypergeometric equation. The
flat fronts AA∗ and Ae3A
∗ in H3 and S31 constructed from the data (α, 1) can be
regarded generalizations of the Schwarz map of the hypergeometric equation. They
are called hyperbolic and de Sitter Schwarz map ([31], see also [4,32]). Thus setting
β = 1, then all invariants given in Section 3 can be regarded as invariants of these
Schwarz map.
3.2. Geometric invariants of cuspidal edges. For flat fronts f : U → H3 and
g : U → S31 given by (3.2). Let p ∈ U be a singular point, and let f at p be a
cuspidal edge. Let γ(t) be a parametrization of Σ(f) or Σ(g). Let κhs , κ
h
t and κ
h
c
(respectively, κds , κ
d
t and κ
d
c) be the singular curvature, cuspidal torsion and the
cuspidal curvature of f on Σ(f) (respectively, of g on Σ(g)). Then we have the
following theorem.
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Theorem 3.4. It holds that
κhs (t) =−
|λ′|2
4|α|2 ∣∣Im(√αβλz)∣∣
∣∣∣∣∣
(u,v)=γ(t)
=− |λ
′|2
4|α|4Ch
∣∣∣∣∣
(u,v)=γ(t)
(3.12)
κht (t) =
Re
(√
αβλz
)
Im
(√
αβλz
)
∣∣∣∣∣
(u,v)=γ(t)
=
Cd
Ch
∣∣∣∣∣
(u,v)=γ(t)
(3.13)
κhc (t) =
4|α|2 Im(√αβλz)
| Im(√αβλz)|3/2
∣∣∣∣∣
(u,v)=γ(t)
=
4|α|Ch
|Ch|3/2
∣∣∣∣∣
(u,v)=γ(t)
(3.14)
and
κds(t) =−
|λ′|2
4|α|2 ∣∣Re(√αβλz)∣∣
∣∣∣∣∣
(u,v)=γ(t)
=− |λ
′|2
4|α|4Cd
∣∣∣∣∣
(u,v)=γ(t)
(3.15)
κdt (t) =−
Im
(√
αβλz
)
Re
(√
αβλz
)
∣∣∣∣∣
(u,v)=γ(t)
=− Ch
Cd
∣∣∣∣∣
(u,v)=γ(t)
(3.16)
κdc(t) =−
4|α|2Re(√αβλz)
|Re(√αβλz)|3/2
∣∣∣∣∣
(u,v)=γ(t)
=− 4|α|Cd|Cd|3/2
∣∣∣∣∣
(u,v)=γ(t)
.(3.17)
In particular, both κhs and κ
d
s are strictly negative if f and g have only cuspidal
edges.
We can observe dual relations between κht and κ
d
t and between κ
h
t and Cd (re-
spectively, κdt and Ch). We will see this duality in Section 3.3. We remark that
since the Gaussian curvature is bounded, κν vanishes identically for f and g.
Proof. We first calculate the invariant κs for f and g. By a direct calculation, we
have
ξf = iA
(
0 −λzα+ λ′β
−λzβ + λ′α 0
)
A∗,
ξg = iA
(
0 λzα+ λ
′β
−(λzβ + λ′α) 0
)
A∗,
and on the singular set,
ξf = i
−λzα+ λ′β
α
ADA∗ = 2β
√
β
α
ChADA
∗,
ξg = i
λzβ + λ
′α
β
ADe3A
∗ = 2i
√
αβCdADe3A
∗.
(3.18)
Thus on the singular set, we have
∇ξξf ≡ −2iβ
√
β
α
ChAD˜hA
∗ mod 〈f〉E(U),
∇ξξg ≡ −2iα
√
α
β
CdAD˜dA
∗ mod 〈g〉E(U),
where
D˜h = −λzD2 − λzD′ + λ′DD∗, D˜d = −λzD2e3 − λzD′e3 + λ′De3D∗.
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Here E(U) = {h : U → R} is the ring consists of function-germs on U , and
〈k1, . . . , kr〉E(U) = {a1k1 + · · · + arkr | a1, . . . , ar ∈ E(U)}. The formula f1 ≡ f2
mod A stands for f1 − f2 ∈ A. Hence, we have
ξf ×∇ξξf ≡ 4β2α
β
C2hλz(αβ
′ − α′β)g ≡ −4β2 α
2
ββ
C2h|λ′|2g mod 〈ξf × f〉E(U)
and
ξg ×∇ξξg ≡ −4αβC2dλz(αβ′ − α′β)f ≡ 4ααC2d |λ′|2f mod 〈ξg × g〉E(U)
on the singular set, where we see λz(αβ
′ − α′β) = −λz(α/β)(αα′ − ββ′) on the
singular set. On the other hand, the signed area density function for f and g
are Λh = Ω(ξf, ηhf, g) and Λd = Ω(ξg, ηdg, f), respectively. Then we see that
ηhΛh = −|ληh |2, and ηdΛd = |ληd |2. Thus we have (3.12) and (3.15).
Now we proceed to calculate the cuspidal torsion and the cuspidal curvature. To
show this, we prove several formulas of differentials of f and g needed later.
Lemma 3.5. On the singular set, it holds that
(3.19) f ′ × fz = f ′ × f ′z = fz × f ′z = g′ × gz = g′ × g′z = gz × g′z = 0
and
f ′ × f ′′ = i
2
(αβ′ − α′β)g, f ′ × fzz = i
2
λzg,
fz × f ′′ = − i
2
λ′g, fz × fzz = i
2
(α′β − αβ′)g,
(3.20)
g′ × g′′ = i
2
(αβ′ − α′β)f, g′ × gzz = − i
2
λzf,
gz × g′′ = i
2
λ′f, gz × gzz = i
2
(α′β − αβ′)f.
(3.21)
In particular, all vectors in (3.20) are parallel to g, and that in (3.21) are parallel
to f .
Proof. By a direct calculation, we have
(3.22) f ′′ = A
(
αβ α′
β′ αβ
)
A∗, f ′z = A
(|α|2 0
0 |β|2
)
A∗, fzz = A
(
αβ β′
α′ αβ
)
A∗
and
(3.23)
g′′ = A
(
αβ −α′
β′ −αβ
)
A∗, g′z = A
(−|α|2 0
0 |β|2
)
A∗, gzz = A
(
αβ β′
−α′ −αβ
)
A∗.
This shows the assertion. 
Lemma 3.6. On the singular set, it holds that
ξf ×∇ηhηhf =
2
|α|4
(
Im
(√
αβλz
))2
g,
ξf ×∇ηdηdg =
−2
|α|4
(
Re
(√
αβλz
))2
f.
Proof. By definition, we have
∇ηhηhf = ηhηhf + 〈ηhηhf, f〉 f, ∇ηdηdg = ηdηdg − 〈ηdηdg, g〉 g.
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Since 〈ηhf, f〉 = 〈ηdg, g〉 = 0, it holds that 〈ηhηhf, f〉 + 〈ηhf, ηhf〉 = 0 and
〈ηdηdg, g〉 + 〈ηdg, ηdg〉 = 0. Moreover, on the singular set, ηhf = ηdg = 0, and
hence 〈ηhηhf, f〉 = 〈ηdηdg, g〉 = 0 on Σ(f) = Σ(g). In particular, it holds that
∇ηhηhf = ηhηhf and ∇ηdηdg = ηdηdg, and we have ξf × ∇ηhηhf = ξf × ηhηhf
and ξg ×∇ηdηdg = ξg × ηdηdg on the singular set.
On the singular set, it follows that
ηhηhf =
−f ′′
αβ
+
2f ′z
|α|2 −
fzz
αβ
+
1
2αβ
(
α′
α
+
β′
β
)
f ′ +
1
2αβ
(
α′
α
+
β′
β
)
fz,(3.24)
ηdηdg =
g′′
αβ
+
2g′z
|α|2 +
gzz
αβ
− 1
2αβ
(
α′
α
+
β′
β
)
g′ − 1
2αβ
(
α′
α
+
β′
β
)
gz.(3.25)
By (3.19), (3.20), (3.21), (3.24), (3.25) and the relation |α|2(α′β − αβ′) = αβλ′
which holds on Σ(f) = Σ(g), we have the assertion. 
By Lemma 3.6, for any X ∈ Tf(p)H3 and Y ∈ Tg(p)S31 , we have
Ω(ξf,∇ηhηhf,X) =
2
|α|4
(
Im
(√
αβλz
))2
〈g,X〉 ,
Ω(ξg,∇ηdηdg, Y ) =
−2
|α|4
(
Re
(√
αβλz
))2
〈f, Y 〉 .
(3.26)
Lemma 3.7. On the singular set, 〈∇ηhηhf, ξf〉 = 〈∇ηdηdg, ξg〉 = 0 holds.
Proof. By the above arguments, it follows that 〈∇ηhηhf, ξf〉 = 〈ηhηhf, ξf〉 and
〈∇ηdηdg, ξg〉 = 〈ηdηdg, ξg〉 on Σ(f) = Σ(g). By (3.22) and (3.23),
〈f ′, f ′〉 = αβ, 〈f ′, fz〉 = |α|2, 〈fz, fz〉 = αβ,
〈f ′, f ′′〉 = 1
2
(α′β + αβ′), 〈f ′, f ′z〉 = 0, 〈f ′, fzz〉 =
1
2
(αα′ + ββ′),
〈fz, f ′′〉 = 1
2
(α′α+ β′β), 〈fz, f ′z〉 = 0, 〈fz, fzz〉 =
1
2
(α′β + αβ′),
〈g′, g′〉 = −αβ, 〈g′, gz〉 = |α|2, 〈gz, gz〉 = −αβ
〈g′, g′′〉 = −1
2
(α′β + αβ′), 〈g′, g′z〉 = 0, 〈g′, gzz〉 =
1
2
(αα′ + ββ′),
〈gz, g′′〉 = 1
2
(α′α+ β′β), 〈gz, g′z〉 = 0, 〈gz, gzz〉 =
−1
2
(α′β + αβ′)
hold on the singular set. Moreover, we have α′α + β′β = |α|2 (α′/α+ β′/β),
α′β + αβ′ = αβ (α′/α+ β′/β) on the singular set. Thus we have 〈ηhηhf, ξf〉 =
〈ηdηdg, ξg〉 = 0 on the singular set. 
We turn to calculate κht and κ
d
t . By Lemma 3.7, the second terms of κ
h
t and κ
d
t
in (2.1) vanish. Thus for the calculations of them, only the first terms of κht and κ
d
t
in (2.1) are needed. Since 〈f ′′, g〉 = 〈f ′z, g〉 = 〈fzz , g〉 = 0 and 〈g′′, f〉 = 〈g′z, f〉 =
DUALITIES OF INVARIANTS ON CUSPIDAL EDGES 11
〈gzz, f〉 = 0 hold on Σ(f) = Σ(g), and by (3.24) and (3.25), it holds that
∇ξ∇ηhηhf ≡ −iλz
(−1
αβ
f ′′′ +
2
|α|2 f
′′
z −
1
αβ
f ′zz
)
+ iλ′
(−1
αβ
f ′′z +
2
|α|2 f
′
zz −
1
αβ
fzzz
)
mod F ,
∇ξ∇ηdηdg ≡ −iλz
(
1
αβ
g′′′ +
2
|α|2 g
′′
z +
1
αβ
g′zz
)
+ iλ′
(
1
αβ
g′′z +
2
|α|2 g
′
zz +
1
αβ
gzzz
)
mod G,
where F = 〈f, f ′fz, f ′′, f ′z, fzz〉E(U), G = 〈g, g′gz, g′′, g′z, gzz〉E(U). We show the
following lemma:
Lemma 3.8. On the singular set, it holds that
〈f ′′′, g〉 = −αβ
2|α|2λ
′, 〈f ′′z , g〉 =
λ′
2
, 〈f ′zz, g〉 =
λz
2
, 〈fzzz, g〉 = −αβ
2|α|2λz ,
〈g′′′, f〉 = αβ
2|α|2λ
′, 〈g′′z , f〉 =
λ′
2
, 〈g′zz, f〉 =
λz
2
, 〈gzzz, f〉 = αβ
2|α|2λz .
(3.27)
Proof. By a direct calculation, we have
f ′′′ = A
(
α′β + 2αβ′ α′′ + α2β
β′′ + αβ2 2α′β + αβ′
)
A∗, f ′′z = A
(
α′α α|β|2
β|α|2 β′β
)
A∗,
f ′zz = A
(
αα′ β|α|2
α|β|2 ββ′
)
A∗, fzzz = A
(
α′β + 2αβ′ β′′ + αβ
2
α′′ + α2β 2α′β + αβ′
)
A∗,
(3.28)
and
g′′′ = A
(
α′β + 2αβ′ −(α′′ + α2β)
β′′ + αβ2 −(2α′β + αβ′)
)
A∗, g′′z = A
( −α′α α|β|2
−β|α|2 β′β
)
A∗,
g′zz=A
(−αα′ −β|α|2
α|β|2 ββ′
)
A∗, gzzz=A
(
α′β + 2αβ′ β′′ + αβ2
−(α′′ + α2β) −(2α′β + αβ′)
)
A∗.
(3.29)
This shows the assertion. 
Let us continue the calculations for κht and κ
d
t . By (3.26) and (3.27),
Ω(ξf,∇ηhηhf,∇ξ∇ηhηhf) =
i
(
Im
(√
αβλz
))2
|α|8 (αβ(λz)
2 − αβ(λ′)2)
=
4Re
(√
αβλz
) (
Im
(√
αβλz
))3
|α|8 ,
Ω(ξg,∇ηdηdg,∇ξ∇ηdηdg) =
i
(
Re
(√
αβλz
))2
|α|8 (αβ(λz)
2 − αβ(λ′)2)
=
4 Im
(√
αβλz
) (
Re
(√
αβλz
))3
|α|8
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hold on the singular set. Therefore by (2.1), the formulas (3.13) and (3.16), are
proven. Finally, we consider the cuspidal curvatures κhc and κ
d
c . By (3.18),
|ξf | = 2|α|2|Ch| = 2
∣∣∣Im(√αβλz)∣∣∣ , |ξg| = 2|α|2|Cd| = 2 ∣∣∣Re(√αβλz)∣∣∣
hold on the singular set. Moreover, we have
∇ηh∇ηhηhf ≡
i√
αβ
(−1
αβ
f ′′′ +
2
|α|2 f
′′
z −
1
αβ
f ′zz
)
− i√
αβ
(−1
αβ
f ′′z +
2
|α|2 f
′
zz −
1
αβ
fzzz
)
mod F ,
∇ηd∇ηdηdg ≡
1√
αβ
(
1
αβ
g′′′ +
2
|α|2 g
′′
z +
1
αβ
g′zz
)
+
1√
αβ
(
1
αβ
g′′z +
2
|α|2 g
′
zz +
1
αβ
gzzz
)
mod G
on the singular set. Thus we have
〈g,∇ηh∇ηhηhf〉 =
2i
|α|2
(
λ′√
αβ
− λz√
αβ
)
=
4 Im
(√
αβλz
)
|α|4 ,
〈f,∇ηd∇ηdηdg〉 =
2
|α|2
(
λ′√
αβ
+
λz√
αβ
)
=
4Re
(√
αβλz
)
|α|4
on the singular set by (3.27). Hence we obtain (3.14) and (3.17). 
We note that κhs < 0 follows from the general theory ([29, Theorem 3.1]) since
the extrinsic Gaussian curvature of a flat front f is 1 > 0. However, κds < 0 does
not follow by the general theory since the extrinsic Gaussian curvature of a flat
front g is −1 < 0.
3.3. Relationships between curvatures and singularities of the dual sur-
faces. For a non-degenerate singular point p of f (resp. g), it is known that f at
p (resp. g at p) is not a cuspidal edge if and only if Ch(p) = 0 (resp. Cd(p) = 0),
where Ch (resp. Cd) is as in (3.7) (resp. (3.8)) (cf. [20]). By Theorem 3.4, it
follows that a flat front f (resp. g) in H3 (resp. S31) is not a cuspidal edge at a
non-degenerate singular point p if and only if κdt (resp. κ
h
t ) vanishes at p. Therefore
we consider relation between the type of singularity which is not a cuspidal edge of
f or g and behavior of κdt or κ
h
t .
Let U ⊂ C be a simply-connected domain and O(U) the set of holomorphic
functions on U . Then, for h ∈ O(U), we can construct flat fronts
f = fh : U → H3, g = gh : U → S31
which are represented by a pair of holomorphic functions (α, β) = (eh, 1). Converse
is also true, namely, for a flat front f : U → H3 without umbilical point, then we
can choose a suitable complex coordinate z such that αdz = eh dz and β dz = dz.
(see [20, p 323]).
Let f : U → H3 and g : U → S31 be flat fronts defined by (3.2) by the data
(α, β) = (eh, 1). Then the sets of singular points of f and g are
Σ(f) = Σ(g) = {z ∈ U | h(z) + h(z) = 0}.
Moreover, λ = h+h is an identifier of singularity. By Proposition 3.2, it holds that:
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• f at p(= γ(0)) is a cuspidal edge if and only if Im(e−h2 h′) 6= 0 at p,
• f at p is a swallowtail if and only if Im(e−h2 h′) = 0 and Re(e−h(h′′ −
1
2 (h
′)2)
) 6= 0 at p.
• g is a cuspidal edge at p if and only if Re(e−h2 h′) 6= 0 at p,
• g is a swallowtail at p if and only if Re(e−h2 h′) = 0 and Re(e−h(h′′ −
1
2 (h
′)2)
) 6= 0 at p.
We have the following theorem.
Theorem 3.9. Let f : U → H3 and g : U → S31 be flat fronts and p be a non-
degenerate singular point of both f and g. Let γ(t) be a singular curve through
p = γ(0). Assume that f at p is a cuspidal edge and κht (p) = 0 (resp. g at p is a
cuspidal edge and κdt (p) = 0). Then g (resp. f) is a swallowtail at p if and only if
d
dtκ
h
t
∣∣
t=0
6= 0 (resp. ddtκdt
∣∣
t=0
6= 0).
Proof. Since this is a local situation, we may assume that both f and g are con-
structed by the data (α, β) = (eh, 1), for h ∈ O(U). Let γ(t) be a parametrization
of Σ(f) = Σ(g). By Theorem 3.4, κhc , κ
d
c , κ
h
t and κ
d
t are given by
κhc (t) =
4 Im
(
e−
h
2 h′
)
| Im(e−h2 h′)|3/2 (γ(t)), κdc(t) = −
4Re
(
e−
h
2 h′
)
|Re(e−h2 h′)|3/2 (γ(t)),
κht (t) =
Re
(
e−
h
2 h′
)
Im
(
e−
h
2 h′
) (γ(t)), κdt (t) = Im
(
e−
h
2 h′
)
Re
(
e−
h
2 h′
) (γ(t)).
(3.30)
First, we assume that κdt = 0 and κ
d
c 6= 0 at p. This is equivalent to the condition
that Im
(
e−
h
2 h′
)
= 0 and Re
(
e−
h
2 h′
) 6= 0 at p. Thus (d/dt)κdt (0) 6= 0 if and only if
(d/dt) Im
(
e−
h
2 h′
)
(0) 6= 0. By a direct calculation, we see that
d
dt
(
Im
(
e−
h
2 h′
)
(γ(t))
)
=
1
2i
(
e−
h
2
(
h′′ − 1
2
(h′)2
)
γ˙ + e−
h
2
(
h′′ − 1
2
(h′)2
)
γ˙
)
(t)
=
1
2
(
−e−h2
(
h′′ − 1
2
(h′)2
)
h′ + e−
h
2
(
h′′ − 1
2
(h′)2
)
h′
)
(t).
Since we assume that h+ h = 0 and e−
h
2 h′ − e−h2 h′ = 0 at p, we have h′ = e−hh′
and h′ = e−hh′. Hence it holds that
d
dt
(
Im
(
e−
h
2 h′
)
(γ(t))
)∣∣∣∣
t=0
=
1
2
(
−e−h
(
h′′ − 1
2
(h′)2
)
e−
h
2 h′
+e−h
(
h′′ − 1
2
(h′)2
)
e−
h
2 h′
)
(p)
= −(e−h2 h′)(p)Re
((
e−h
(
h′′ − 1
2
(h′)2
))
(p)
)
,
where we used the relation e−
h
2 h′−e−h2 h′ = 0 at p again to have the second equality.
Thus we have the assertion for f .
The case for g can be proven by the same computation using (3.30).

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In [22, Proposition 3.8], an equivalent statement of Theorem 3.9 is obtained from
a different viewpoint. In fact, κht coincides with ∆ in [22, p. 1910] when ε = 0 (a
linear Weingarten front is a flat front if ε = 0) in their notation. Thus Theorem
3.9 clarifies the geomteric meaning of ∆ in [22] for a flat front in H3. In [22], it
is shown that the co-orientabilities and orientabilities of the original front and its
dual have a connection. Furthermore, zig-zag numbers of them are studied.
4. Lines of curvature and cone-like singular points
We consider the condition that the singular curve γ of f and g are a line of
curvature. Let k : U → N be a frontal into a Riemannian or semi-Riemannian
3-manifold N . Let I be an interval. A curve γ : I → U is a line of curvature
if I(k ◦ γ′) is parallel to II(k ◦ γ′), where I and II are the first and the second
fundamental matrices, and they are regarded as linear maps Tpν
⊥ → Tpν⊥ ⊂ TpN
and k ◦ γ′(t) ∈ Tpν⊥ (p = γ(t)).
Proposition 4.1. Let f : U → H3 and g : U → S31 be flat fronts constructed by
(3.2). Let p ∈ Σ(f) = Σ(g) be a cuspidal edge of f (resp. g) and γ a singular curve
through p = γ(0). Then γ is a line of curvature of f (resp. g) if and only if κht
(resp. κdt ) vanishes identically on γ.
Although this is shown for the case of fronts in Euclidean 3-space (see [34, Propo-
sition 3.3], [15, p. 95]), and the same proof works, we give a proof here using the
representation formula.
Proof. The curve γ is a line of curvature of f (resp. g) if and only if the following
equation holds:
Ω(ξf, g, ξg)(γ(t)) = 0 (resp. Ω(ξg, f, ξf)(γ(t)) = 0).
By a direct calculation, we see that
Ω(ξf, g, ξg)(γ(t)) = 〈ξf × g, ξg〉 (γ(t))
= 4Re
(√
αβλz
)
(γ(t)) Im
(√
αβλz
)
(γ(t))(
resp. Ω(ξg, f, ξf)(γ(t)) = 〈ξg × f, ξf〉 (γ(t))
= −4Re(√αβλz)(γ(t)) Im(√αβλz)(γ(t))).
Thus we have the assertion by Theorem 3.4 if f (resp. g) has cuspidal edges along
γ. 
We define another kind of singular point so called cone-like singularity ([20, p.
305]).
Definition 4.2. Let h : U → M be a frontal from a region into a 3-dimensional
manifold. Let p ∈ U be a non-degenerate singular point. Then p is a cone-like
singularity if there exists a neighborhood V of p such that for any q ∈ Σ(h), a null
vector field ηq is tangent to Σ(h).
Assume that the singular curve γ of f (resp. g) consists of cuspidal edges. By
Proposition 4.1, if γ is a line of curvature of f (resp. g), then ξ and ηd (resp. ξ and
ηh) are parallel along γ. Thus we have the following corollary.
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Corollary 4.3. Let f : U → H3 and g : U → S31 be flat fronts and p ∈ Σ(f) = Σ(g)
a non-degenerate singular point. If the singular curve γ passing through p consists
of cuspidal edges of f (resp. g) and is a line of curvature of f (resp. g), then g
(resp. f) has a cone-like singularity at p.
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